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=> =_
=> 24= 2

x

320 , y 70



#tipt-
**

· Y

I -y +t

fig

t

Now, Not-UXX = 0
,

X00
,
too

E Mix
,

% = 0
,
U1x,

0) = dix-y) , yu

My 10 ,t = 0

=> 5214 - 6524 = d(x -y)

S

=> So , - 112- X70

- -

&"O-
Then

, E = A - e-sX

By B.
C

. do OlobRU-Six-y11 = dx A . e-3X
Y

#

=> - =-SA i.eA



= e
- Six+y)

2n =e I ,
870

, y20-

#tytFitte
**

·
· Y

t >y-ro



↳tionalAndx*
·If ll0 =

esssup If#f
, fix = 1gidx1 = 1 yay

= 2911 · Heldy Hi+ Ifx i dy

= 10 fl
,
112

=>HuIf
Soboler's space : fix : *GM

F (5) = Sanfix-eijde -Fravier transform

11fH ,c)
= /Sin 15 ,

*
- 11 dg )

*

fix = Tan Sin Fig - edi

suppose f-H"s") ,

with Ky
.

Then
,

Ifixil =1. Sie
2155

. fin , dij I
-

~ Firs.Schwarz ineq.
= IshSatin x

- ↓
12

= En(SnFig) · CH, -

dy 342) gy)I
#

& [
IR

T

S E -
Y2

-If y · 1 %  , a diel
ja-

Integrable !



C7 : /Telegraph Equation (

Caution :
In
previous class,

we can construct the sol . by
Fourier Transform ,

but in some cases
,

there exist things
telegraph cannot be transformed by inverse Fourier transform ! !

↑

Eg.

SMA-xx
+ He =0

,
Xer ,
to

, Kamchy Problem

Uex -⑦-
Take Fourier Transform :

2

Ta + g2+ =0
"ODE"

*I ~

19 ,
0 = 0U

L M

u
+ (9 ,

0) = 1

Fix J ,
solve "ODE" : Characteristic eq . 5+ 3 +y= 0

=> g ,H = 1 A + eB+ t
+ Best ,

x)
Si= 4y2O

= B = - A for (9 ,
0 = 0

St

2

& /g , +) = Astest-A3. = Alst-S) = l for
~

19 ,
0 = 1Get UtSet Set

>
A=F4yzat= 1 = 12

& How to understand the sol
. gith ?

TaceA : Need to find sol. in 2-31
-

wave number
Intuition :

f =ESi Eig 2il
3dy

version relationship.
-

L

-low O (smooth) -

LMitch :

& by Talyor's expansion of+ 11-4- ⑭3 +t
L t -

e I 2
-

x2
+ 01194

Set 't
~ it t=> e

~ e



Tack1: Extract singularity in the frequence domain :

①Compute Mett,S
2

Try to understand the sol
. as y ->0

, Talyor's g

N =zi ---

expansion

Now
, find s to approximateI :
ia

Jef -② I-ine *

·2as
-

- D
L

want to find approximating sol. of"gets :

Notice

-.(2+ 1)

X *# O Define itsS
- S

The initial conditions are satisfied as follows :

· ly ,
01 = 1

,

*
19 ,0 0 ;

↑

& *
+ *Uth

= [1** 12. est - est+ "eSt-gzest + 3 . est
-

- - - *It--- 5 27
I

- ( - 49
=
· dray
* [118] + g2+ 3* 1 .

eSt
I

/151 + y2 + 3
.4) - +St]



Note :
<15

*
1
* +

12 + 31.est
= + y +3 111- 3) + 191-1)) - eit

--

for 131-S1 = 011) j5
01 +5

=> + p2 *
+ Y*

= (g , t) = 0 I 1 .

et
-

-xy1+ 115

-
>pare/* +) - git)/ :

-> , - *

(a +q( -

*

) + ( -

*

) = 04 -

e-t
t - 5

I& ( - ** (( , 0) = 1ut - YE)(y ,
% = 0

c(y)+ 1
,

Let * = - *

- t -t

++ + y-v + = = 01-+ 15 = h

1* I E ~ 19 . 01 = Y (g , 01 = 0



3

5816xSix ,
A1 dx

Rewrite the@as :

·gG et
-

Va - Ex + VE = Six ,Al ②( VN
,
0 = Ve , 0) = 0 ;

-

EnergyEstimate :

↓W . (ra-Ex + rt) dy = &Six ,
+) Vedx

SRIVes" dy +Sdx +
Vox =SSA

=>I + r2(dX + SpVEdx = SRSIxtivy-Ef

Integrate on : ↳ So SirNacht

=> Stil+ 1x 1d1* + So"SmIVtRdydE = Jo SMSNiti Wnt s-+(tdxdt2

-

11

So
det

=> SILVE+ IX I" +I SoTSRYEdxdt
Jo dudt



Integration bu :

Similarly ,

=>
Store a

T= So"SirSixts Idet
2

k = 1, 2
, 3

.



Task 2 : Find the structure a* ix, ts .

Another Functional Tha :

If fix) satisfies [fig) : Analytic in 11g 1 <Do

111
Then

, IfNl = Oly · e-go
Proof: f(x) = EnSin &194· Fly)dnchyIntegrabl

inse

einfindy
= Stivo

= pilstivlyFistirold Xistiosa

=> If x fstivol T
old Yo

Enconst
.

- Nox1
=> If 1-· c < Ol - e-fo Q. E . D.

2

Recall
,

3 in[1-H
+T2] analytic in&

I
E 17m 191 1 < *2

· (dy2*= izy 11- Eig + T
& 131-31 = 011) to ,

as no
o

· *git) = Figu · 13 test ,



= e2in IF +T Itzigs1-inu+ I

Consider
I-> 2 in

. /1-etpus + p

-e142112

↑
G(x+2t)

=+ +1) yay
+12

Reconsider: -I da

G (x)

C . zin t
+ 0111tht -

=

- 192+ 112
&

↑

↑ I
2

- 190x/

By Complex Analysis :

En ein*

dy 1Leiny
= Res .

1
y

&
-

- Y
- R

h

=Fi· = k . 2-
, if so

- IX) .

=> 18 Fyzt" **x = c . e

Thus
,

- zin5
Cit . 19

*

10
fly

~IX(

+

- 1904)9C - E
.Then

, 1 = e- 5. [dixst- [1 1x
-11

- Gix-ct) + [12 1x + e
- * ]dtI

I is a polynomial => U
*

1x
,
t is around -M1-t/K .



Task 3 : Verify 1U1x ,
t)-u

*
x

, t11 is exponentially
small in the region 1x1 > It for any positive d.

By Energy Estimate
on -(x, +) = Mix

,
A) - u* ix,).

·I IVH + Vixt)) -
e*N

- (4)
+x =Ol .e

t

for yest

· 18 /Ex,t) +V1x,1 - e-2xth dy < 01 -

-ffor x -of

Recall
,

& Vet
- (x + ↳ = S1x ,

t)
,

v(X,
0 = (f (x

,
0) = 0

-t

16 Six ,AIR > 01 - e-t-101/1 for 11 ,til it Ol

observe :

If 101Et , then I K sit.

/VIX , ti 1 = Ol :

e-+ 11/12 ,

#method of energy :

#510
, [IX-Et)·

214-E=xSo -

-
-



=
W. T . know how V= n

*
- U looks like ?

Utt =Nex +Ut = 0 MIt-Ex + n = Six,t) ·

↑ 2(x, 07= 0 & E u*
/X

,
0 =0

L
ut (X

,
0) = ((x) L

ne (x
, %) = G(x)

.

Combine the two equations :

= U-Voxt = - Sixit) -
[

X ICS(,101eViX, 0)= p

I
VE'X ,

0=
0

,
- (1x1+Ea

tS/#IXk,

there exists K I s . t. IV ,Ske
S↳-

Iof
What fire want to prove

Consider eS(x-it)
0 aix-izt)' EIX-

12 ~ ( - Vex+V)dx =5- Sixiti - e . redy· t
-
- -
- - =

v.

--
to = (tVElt

(E)

CII

S>
↑

o 2-Ets x=-EN
·

S
S

St

So e

· -Jes-tel .
Ve · Key dxa↳

-



= qhx+xU. UxdX
-

-
=d -Etv~

Sea
F ! Inee
-
-

If we choose a small enough , then --

=>I+ <Ex + VF) - C
six-et) dy

3 25. (V+ VE

Rewrite :

=x

↓
- swit . edx-tvl

-H + 3lVe1 edX-
*t) dy

y
es 64

=>& [1x-jt)

= %s . edX-t dx -

& X

164
: 2



2

=> Se-. + 2X/t
=+

= j +01 ·

[IX-Et
S · e dX

· dt

Recall
, sigiti =01 5

i . e. Six,t) = Ol l

- It+ 14/Yk -

=

=>Jed- . [VEt]he+= 01 .
e

IR

Class 11 :

Task 4 : By Longware - Shortwave Recomposition :

U21x, t) = S
, g

, e
in- cy ,tid

Usix,
t) = Sigisseil * Eig , esdy ;

Re152191) - So => PMs11
,

2 < 01 .

edot

=> IUsio 01-e-Sot .



t

Aim : Want to know what happens in the cone.

Ely , t Exete, =Recall
,

Yin wave cossitations exponential

Long wave - short wave decomposition : decays w. r.
t

.
It

,x

uix,t= Sign u its dy ,-short make a

wave length
small!

· lyk1 - Long wave

(wave length big
u(x, +) = =)S

,y , es

+ Sign E
7 - 298. 19 ,

th dy
y ↑ "short wave component

"

"Long wave component
"

= U
=
(,t ) + UgIX,A

For 19KS ,
Rel-1c -E => 193-1915 / < -It

Rec-1 +1) = Re11 (

51-4g2
=

Rec-i =-
-25t

=> le
Eight

, <Oce

Is costs) =ESign let
, aI



Recal,stille : feel) = 1112
= 11f12

Il

Siz = Sific

Thus
,
lIUs" ,fillSigissFugu let et,a

= 01-e-

1145-Us" < 01 .

e-Y2 for all %

To find Use t , with best

unit = S eiry
. T let .

25-11t, dy
191E

Analytic & Cachy formula

Si 1:
let , is

=Cl- 292) + 194)
,
&: Analytic

2 around of

3 = - + q2 -ast) Rels-1) - for 1gkS

&S
+

= -y2 + 0194) - Problem for 191 small enough
Focus on

:d eigb+S so-o- e
F4p2 + It

-

&

= Seige +1 +out
- dy

=



How to balance the term ?

Im 1g) =U
,

O small .

Pr ↓ i .e . 0 < Ux).
-↑,
M

7
~ P
-·

- 2

It
-

Siz e

- tiy-tody
, y = r + 0-

8 E (- 2
, 2)

=S-tiri-+ 01 int d
It

= En e-ticulouti
--
-

-
+e-icl-0) 22 - 11-(2-tr

y
't - Ctrl1-U) *3 .

=Se
--cur)

e

- tr?-Utr (1-0)O (10+
g tu2

S -
- Cl- C-42a

Er-utvc-u)(ii= f A
I

C A

⑧
SIEl2Tr -S -

X
L-2

-- CHURI* - 1 - cri di
St

2 -S= · S C I di

Re1-ll-CrUz- +165 +EY + ) <
0

if vec 3
, 5)

Ifit-c ux /

↳ In

= 01 · e

T



Ve+ - (xx + V = 0 ,
XtR

1 . S V1X, 0 = 0

! Vt (x
,
0 = d(x-X01 ,

40 20

Take Laplace Transform :

51 U-b1x-yo) - JLM + SLU = 0
.

IRI

=> 15+ 51 . 14 - 51 = &IX-XoY
- Jets /X-Xol if X > Yo

Then
,
14 = 1A-eA-edts (x-y) if X < Xo

LxU = /
- bos-A -es IX-Xol

, if we to

1-
dests-A . esX-Xo) , if x < Xo

=> A=

Eas
ebs (x-vol

=> Lu =
+

&

2 . Wtt- Uxx + V = 0
,

470

I VIX,
01 = 0

,
VIX, o = PN-Xo', Vote

~10 , + = 0

51V - dix-yo) - ELV + S & V-0 Mol
=> I

1 VIo ,
S1 =0



= - ((x -x0) - 22x + 584 = 0

Then
, $11r-ul - 51I-U1 + S&IV-U1 = 0

11 IV - u/ 10 , 3) = - 2010, 5)

=> LIV -U) (,
s) = - &U10 , 3) . 2 Eos X

- dots IX-X01
-

-- (

=>evix -

1 en0
+x

3. Vot-V + V = 0
,

x00

& VIX,
ol = 0

,
VIX, 0 = OI-Xo)

,
XoTo

I V10 ,
Al + V 10, A) = 0 => 12V + 6x1V/10 , S1 -0

=>952V-ON-y)
- (2 + S &U0 (x20)

12v + bx1/10 , 31 = 0

521 - G(x-X01 - 111 +51420
=>
-

-Jos X
2 IV- u) (X , 9) = Q(S)-e

(2 + (x1) (V-u) 10 , 3) = - (1 + 2x)2m10 , 3)

=>112dS1@ CHdts)



=>a=e

= 1V = 2n +
sy
LIts(x

+x

- 2- 55ts2

11- +x12

V = n + 1 (sy) * 11 - 6x1241x - 240
,
7) .


