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Remark : &· The wave

travels around-of the cone &

xitiy &

IR3 .

"Mx" :
intension

"It" : velocity
↑
kinetic energy

# : What about wave eg .
in I-dima). space ?=

# : The method doesn't work .

By same Poisson mean
,
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This equation can't reduce to be a wave equation in1D!
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Remark : · The wave travels inside of the cone !

Big difference with 3-dime.
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HalfSpace :
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Another boundary value problems
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Fourier-Laplace transform :
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Navier-Stokes Eg .:

Pt + My = 0 , m : momentum

[me +
↑: density of fluid

mmix + P(P)x = Uxx
, n : fluid velocity
pp) : Pressure

↑ (p) = pu ,
V = (1

,
5)

A Linearized Eg.
Pt + my = 0 ①It + my = o

wave eq.&mt + Px = Myx
S

m+ + Py =0

Hi
((t + my)y = 0 = (Mt +Px)t

H

Mox-Met =0
.

② It y ) (i) = 0.

=> Gtt-GxX = 0 .

③ git + my = fox
=> (t

-2)(m) = 10)
m+ + Py = Mxx by

[18+
-212- 11p =

0

[(dt-(x)2- Ex]m = 0

By Fourier Transform



((de + yz / + y -2)" = 0

#
-nt-igt

f = At
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e -
↓

heat eg . ↑transport .



Weak solution : Nonlinear Problem :

ut + f(u)y = 0

=> SJ yxt) - 14 + fin)dydto , YECOM

↓
# *ff -Y,t · Next) - Ye,

) fins ]dxdt = 0

&

A solutiona satisfying It) is called weak sol.

Heat Eq :

Ut = Hxx

Fourier's Law : Heat flux is proportion to temperature gradient.
heat in heat out

O
,No a

heatnext out-

· Flux :U atYo nek My 100
,
t

Ut = - k10) · Ux(,) + K1x1) · Upix,
t) I

=> U=lim-U +k -Ut

X1 - Xo

=> Ut = & (k() My I

Consider weak solution :

JJy(ut-by (k - nx>4 dydt= 0
,



=> SS - You + Y-K
· My dxdt =o

, #YeCXt

my local integrable U : continuous.

Condition for KI :

k1x) : B .
Vi function :

Bounded Variation : · Piecewise continuous

· Jump is countable

&1: K is const . & K0 ;

Vt = kYxy Green Function
.
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== U,=

&

Lux, 1
= 9 est. nix

,
es at

- T(X/
E
-

= Luix
,

3) =

E

Sept

↳
> X

Xu

Ut Ebyckiy Ux I . B
.
P:

JSygdx = -Sjygdy&
uk

, 0) = ( (x-X0)
, yo20

g : confinous .

(i) U IX) : continuous.



(ii) KM My : continu

S2u = by (km) by 2x) + f(x- X0)

Luix
, 0 = GIX-Xo)

,
Xo < O

S2U = by (k =
by (u) + &1x-x0) for yo

[S1u = Gy(k+ by2u) for a >0

=>LU.

1x-xo
t 5..eT.

Y

,
x10

245-! See+

Y
*70

By continuity ofU at o
,

= = S
+

- 11)

By continuity of flux
&

C-Ja. 1-401
+ v..e.*(x ,
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&

-3) 2-

I
15-- +

Y
Se ,* 78

-

=> K
- 1-F i -> E-5.

/

= k +
1 - S

+ J - 11)



Xtransmittion
=> St-

↓
reflexsion .

I/ = IK/
Physical' meanin

&g
-

1
. If k- =

+,
= 0 i .

e
. no reflexsion

140
2. U.

= 0() (5-1) L
-

200

St =[ + 01 ./ 1] C-

-

55k
-

=> LU= t E..eT.

Y

,
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!
+

+

Y

&
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S transmittion .

I
* 70

-
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-

( + 01 · 157-12eT
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-

-

>
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Do Z ,
· Observe :

=+
-

By Taylor' expanse.k +

= O(1) · 11-

- (+ 1
·

Uf - by /(10) Ux)= 0

[
U1x0) =

G1x- Yo

Take Laplace transform ,

=> S & U = by (kxGx2u) = 81x-x0)

IS-bykty12u = d +- Xo)

=> "In = 1S-EyKx601 "d1x-x0)" -

↑



Nounderstanding ! I
See the operator as spectrum ,

then hy F.A.

Do it with understanding :
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E
,

S
,

-
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-
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-
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g ↑ ↑ ·um) mus
- =mu
255k

-

-* & &
Xo zo Z
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.
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Y 2
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Est & Ska
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I
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"
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Observe :

C Izo-z , )kSo = E. olE-E) R + sizeK

-
: = V

19 witoto-E 1 ) T
! - Siz

olEo-Z , )R
.

"
V = So12

K

S17 Sky o 1z0-E1)
.

+S
I
I so

i : =

=>Siz eozoZ
=Rto
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is 12/Tko 1Z0-21K-Spo(1)
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-

25st-
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- C 4t
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E
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,

Kt

I
K--

E Sj = 0
- ·

=
--

- Xo zo Z
,

Vj = C
K · Sj· W -

k = 0 ↓

· = S = 0
,
if jplorje -
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2
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.

1Z0-Xol
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=Rog

-

25k
-
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"

,
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-
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vP = Sh . eT ,
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=U.

"
= STOR + rh.
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H
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1tx + 1516 Rondam Walk .
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Numerical Solution

Nt + My = 0

Numerical Sol-usjo, not = ng

=>
! ~

&=> u - u+ 0

2

-n-

=> U :

C

==U↓ -

2

=>
X

Need to be positive for using probility-
Another Scheme :

+y + uj) + =0↓
3

=
=> uj+ = 15 -1) + & + 15 +E15)



B .V :
Bounded Variation Function

Sup/kIxi) - kNit)1 < O

Pigy, .... Brown Motion

!
& #

of
&

Now
,

assume Kle) is B
.
F function ,

11 / "B
. t:

= sup1kIxi) -Ki+1)1 < 0

P

P= SD1
,

- ) .

· If K is continuous
,
then 11k/B=S l ba

- jS/k D & j
(ysk+

= Sie jo J P
--

+ Get it . To-&

j

j[
S S

kt|
= Se; + re S R++

J

( + m 1

eSw ,j = i S

Ein = Will
-

1=0

o t
K

jk= #

DoIW) . DzIW).- - D
,,

In 199&

J wenk

-I= j

Dem = gRxe
2x1

=> ID
,

(W) · DIN) . -- Drim) 1 - O() · T1n-Kprl

= n : change direction .



zv" =
6

↳

&

w
*

DW . DW... Dim
k =f J

-I= j

rk
=Br ,

: wer ; w change direction I timesa

exactly3.

=>
#

DoIW) . DzIW).- - D
,,

In 199

Y

-

O In a

m: where

=j Eam change direction.

Edija
Fiji
ii

=> OI. 121k-knt("Absolutely converge

=> 16U ,t <Oll for some so



We prove
whenIs is step function .

What if (1) is B.
t: funct , ?

Kall

Nt by(kmux) = 0

S
U(X

,
0) = 5. 1-Yo)

KIx) : A B. E: function.

A step function .
A canchy sequence in B.

V: - norm.

[kn]nej
lim II kn-Kllw = 0

1e

Consider M

ut - by(kn(x)(x) =

0 K(X, t ; X,kn) = ni, +)-

(ii
, 01 = 01x- Xol

Rewrite it as :

- by <Ky)
· Mys = 0

K(x ,
- 2 ; Y ; Kn)

· /E-by (kny) · Mys dydz =
0=>

u"1x
,t)-Skt ; y . knouly ,

o bya

+S-t-2 ; y,

· + ky (,
t - T
; 8 . kn).y dyd = p

Its



Question 1 :

Consider the problem
Utt-Uxx +Ut = 0 for XER

,
t > o

[uix , 0 =0 14

ut(x, 01 = G(x)
Use the singular- regular decomposition to decompose the solution
M1x

.
A) = U+ It)+ U+

#
, +)

,
where U,

e) is a singular
part with an exponentally decaying structure in both x andt

variable ; and UIX,
E1 is a regular part with a sufficient regularity

ine variable.

11) Else energy estimate to show thatU,
t) is exponentially

decaying in x variable when 101 It with tyl.

12) Use Long wave- short wave decomposition ,
Fourier transform,

energy estimates ,
and complex analysis to show that

there exists[To sit .

1 ,
t , 1 < c . It , 12)

Question 3:

Let Ye[UI/x, 51 be the Laplace transform of UNIt) W. r.

E. -

2ThIN
, si = 1

0Nixiti-estat with Nels 130 · Let uixity be the

solution of 111 and compute [U](, 3) in terms of Laplace wave

trains :

2 [411X, 31 = [A+ 1S) · ex+ 1134 for so

A - 13) · e1-13)Y for 220
1) Find NIS) and AK) .

Let wixits be the solution of the

initial boundary value problem :

Wet - Wxx + Wt = 0 for >,30
,

EWix, 0 = W10,+) =0
,

W((X, 0) = 81X-Yol with 2010

12) Find the solution ItW]1X, 31 in terms of the

Laplace wave trains ex+
1) IX-X02

,
eX.

15) IX-40) and ex+1514



Question 3
et UNItI be the weak solution of the heat equation

E
G+ u - -x(m) gV =0

u(X
, 01 = 8(x)

where MIX I + HIXH) -H(x-1)
,
and HW) is the Heaveside funct.

i. e . Hi = 201 *
·Show that I Co s.t .

-t
14x1x ,tile


